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Analytical and computational models are developed to predict the stress response of functionally graded
curved bars under pure bending in elastic and partially plastic states of stress. In the analytical model, the
modulus of elasticity and in the computational model, both the modulus of elasticity and the hardening
parameter of the bar material are assumed to vary in the radial direction. The analytical model is based on
Tresca’s yield criterion, its associated ﬂow rule and ideal plastic material behavior, while the computa-
tional one is based on von Mises’ yield criterion, total deformation theory and a Swift type nonlinear
hardening law. The models are veriﬁed not only in comparison to the published solutions, but also in
comparison to each other. The results indicate that the variation of material properties, especially the var-
iation of modulus of elasticity, strongly affects the deformation behavior of the bar. In a graded bar, yield-
ing may commence at the inner, at the outer or simultaneously at both surfaces despite the fact that
yielding initiates at the inner surface in a homogeneous bar.
Crown Copyright  2012 Published by Elsevier Ltd. All rights reserved.1. Introduction
A narrow rectangular cross section curved bar subjected to cou-
ple moment M at its end sections is considered. The geometry of
the bar and the coordinate system are shown in Fig. 1. As the cou-
ple moment M is increased, the bar deforms and stresses develop.
Evaluation of these deformations and accompanying stresses in
homogeneous bars have been the subject of numerous investiga-
tions. A comprehensive analysis of stress in the elastic state has
been performed by Timoshenko and Goodier (1970). The deforma-
tion behavior and development of the stresses beyond the elastic
limits have been investigated by Shaffer and House (1955, 1957)
for an ideally-plastic curved bar. The linearly hardening analytical
solution of the problem has been obtained by Dadras (2001), and
by the authors (Eraslan and Arslan, 2008a). In another work of
the authors (Eraslan and Arslan, 2008b), a computational model
has been developed to estimate the partially plastic stresses in a
nonlinearly strain hardening bar. Recently, the authors have been
able to derive the closed form solution to the bending of a nonlin-
early hardening curved bar (Arslan and Eraslan, 2010).
Elastic behavior of a functionally graded curved bar subjected to
pure bending has been studied by several researchers. Kardoma-
teas (1990) presented a solution for such a bar in which elastic
constants are assumed to vary linearly in the radial direction. Dry-
den (2007), derived a solution by letting the modulus of elasticity
vary in the radial direction. Plane stress analytical solution was de-012 Published by Elsevier Ltd. All r
x: +90 422 341 0046.
).rived. Effort was made to obtain speciﬁc stress proﬁles by suitably
adjusting the variation of elasticity modulus within the bar. Wang
and Liu (2013) extended Dryden’s (2007) study by considering an
elastic curved bar with n functionally graded layers.
In the present work, analytical and computational models are
developed to determine not only elastic, but also partially plastic
stresses in functionally graded (FGM) curved bars. This work ex-
tends Dryden’s (2007) theoretical study to include comprehensive
analytical and numerical analyses of partially plastic states of
stress under pure bending.
Inﬁnitesimal deformations and a state of plane stress are as-
sumed in both models. The modulus of elasticity E in the analytical
model, and both the modulus of elasticity and the hardening
parameter g in the computational model are assumed to vary in ra-
dial direction according to power law models as
EðrÞ ¼ E0 rb
 a
; ð1Þ
gðrÞ ¼ g0
r
b
 b
; ð2Þ
where E0 and g0 are the reference values of modulus of elasticity
and hardening parameter, respectively, a and b are grading indexes
and b is the outer radius of the bar (see Fig. 1). The variation of E in a
bar of b=a ¼ 1:5 with a being a parameter is plotted in Fig. 2. Note
that g exhibits the same type of variation in the bar with the index
b. A variable yield limit has not been taken into consideration in this
study.
The plastic counterpart of the analytical model is constructed
using Tresca’s yield criterion, its associated ﬂow rule and idealights reserved.
Fig. 1. The geometry of the curved bar, application of the couples and the
coordinate system used.
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compatibility and the generalized Hooke’s Law, a single second or-
der differential equation describing the elastoplastic response of
the curved bar is derived. The ﬁeld equations for elastic and for
two different plastic regions are then deduced from this general
equation and integrated. The computational model, on the other
hand, is based on von Mises’ yield criterion, the total deformation
theory and a Swift-type nonlinear strain hardening law with a
graded hardening parameter. The introduction of an appropriate
stress function turns the governing equation into a second order
highly nonlinear differential equation. A shooting technique usingFig. 2. Variation of modulus of elasticity E with the grading index a.Newton iterations with numerically approximated tangents is used
to integrate this nonlinear differential equation. The models are
then veriﬁed in comparison to published solutions and to some
carefully selected test cases.
The results indicate that the partially plastic response of the
curved bar is strongly affected by the variation of the modulus of
elasticity E. In a graded bar, the plastic deformation may com-
mence at the inner, at the outer or simultaneously at both surfaces
depending on the grading index a. In case of a homogeneous bar,
however, plastic deformation always commences at the inner sur-
face when the elastic limit load is reached. The plastic region at the
outer surface then forms at much higher loads (Eraslan and Arslan,
2008a). Another indication of the results of FGM calculations is
that the variation of the hardening parameter in the bar comes into
effect only after the appearance of a plastic ﬁeld.
2. The analytical model
The notation of Timoshenko and Goodier (1970) is followed.
Furthermore, formal non-dimensional and normalized variables
are used. These are: radial coordinate r ¼ r=b, normal stress
rj ¼ rj=r0, normal strain i ¼ iE0=r0, radial displacement
u ¼ uE0=ðr0bÞ, couple moment M ¼ M=ðr0b2tzÞ, where r0 is the
uniaxial yield limit and tz is the thickness of the bar (see Fig. 1).
All equations in the following sections are written in terms of these
variables, but to simplify the notation overbars are dropped.
2.1. The general differential equation
In a state of plane stress rz ¼ 0. The modulus of elasticity varies
according to Eq. (1) in non-dimensional form. For the material in-
dex a the range 2 < a < 2 is considered. Basic equations (see (Ar-
slan and Eraslan, 2010; Eraslan and Arslan, 2008a) for details) for
the entire analysis are as the following.
The equation of the equilibrium
rh ¼ @
@r
ðrrrÞ; ð3Þ
the integrated compatibility relation
@
@r
ðrhÞ  r ¼ C1 ð4Þ
and the equations of generalized Hooke’s law
r ¼ 1ra ðrr  mrhÞ þ 
p
r ; ð5Þ
h ¼ 1ra ðrh  mrrÞ þ 
p
h : ð6Þ
In above, C1 is an arbitrary constant to be determined, m the Pois-
son’s ratio and pi a plastic strain component. The radial displace-
ment is given as
u ¼ rh  C1r  C2 cos h; ð7Þ
where C2 is another arbitrary constant.
Substituting the total strains given by Eqs. (5) and (6), after
expressing rh in terms of rr with the help of Eq. (3), in the compat-
ibility, Eq. (4), we arrive at
r2
d2rr
dr2
þ ð3 aÞr drr
dr
 að1 mÞrr
¼ ra C1 þ pr  ph  r
dph
dr
 
: ð8Þ
This is the general differential equation which governs the partially
plastic response of the curved bar under pure bending.
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Dropping the plastic strains pj and their derivatives in Eq. (8)
the elastic equation is obtained. The general solution of the elastic
equation is
rr ¼ rð2LþaÞ=2C3 þ rð2þLþaÞ=2C4 þ r
aC1
að1þ mÞ ; ð9Þ
where C3 and C4 are integration constants and L ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4þ a2  4amp .
Hence,
rh ¼ rð2LþaÞ=2 ðL aÞC32 þ r
ð2þLþaÞ=2 ðLþ aÞC4
2
þ r
að1þ aÞC1
að1þ mÞ ; ð10Þ
u ¼ rðLaÞ=2 ðL aþ 2mÞC3
2
þ rðLaÞ=2 ðLþ a 2mÞC4
2
þ ½1 mð1þ aÞC1r
að1þ mÞ  C2 cos h: ð11Þ
To complete the elastic solution four unknowns: C1; C2; C3, and C4
should be determined. There are four conditions available for this
purpose. The boundary conditions are: rrðaÞ ¼ 0, and rrð1Þ ¼ 0.
The bar is rigidly ﬁxed at r ¼ a and h ¼ 0, thus uða;0Þ ¼ 0. Finally,
the force balance equation takes the formZ
rhrdA ¼ M: ð12Þ
We then determine
C1 ¼ að1 a
LÞð1þ mÞM
S
; ð13Þ
C3 ¼
að2þLþaÞ=2  aL M
S
; ð14Þ
C4 ¼
1 að2þLþaÞ=2 M
S
ð15Þ
and
C2 ¼ aðLaÞ=2 ðL aþ 2mÞC32 þ a
ðLaÞ=2 ðLþ a 2mÞC4
2
þ ½1 ð1þ aÞmC1a
að1þ mÞ ; ð16Þ
where
S ¼ 8a
ð2þLþaÞ=2Lð2þ aÞ þ 1þ a2þLþa ð2 Lþ aÞ2  a2þa þ aL ð2þ Lþ aÞ2
4að2þ aÞð1þ mÞ :
ð17Þ
The bar yields at the inner surface according to the criterion
rhðaÞ  rzðaÞ ¼ rhðaÞ ¼ 1. The corresponding elastic limit couple
moment is determined as
ME1 ¼ 2a
1a=2S
2aL=2L a1þa=2½2þ Lþ a aLð2 Lþ aÞ : ð18Þ
On the other hand, yielding begins at the outer surface of the bar as
soon as rrð1Þ  rhð1Þ ¼ 1. The corresponding elastic limit is
ME2 ¼ 2S2 Lþ aþ 2að2þLþaÞ=2L aLð2þ Lþ aÞ : ð19Þ
Furthermore, the critical value of the material index, a ¼ aC , which
leads to plastic deformation simultaneously at both surfaces is cal-
culated from ME1 ¼ ME2.
Remark. The solution for a ¼ 0 is same with that of Eraslan and
Arslan (2008a) in dimensional form (it is noted that
/ ¼ C1; A2 ¼ C2; C1 ¼ C3; C2 ¼ C4 in that study).2.3. Plastic solutions
2.3.1. Plastic region I
In this region, the stress state is rh > rr > rzð¼ 0Þ. Accordingly,
Tresca’s yield criterion reads
rh ¼ 1: ð20Þ
The associated ﬂow rule with this yield condition is ph ¼ pz , and
pr ¼ 0. In view of Eq. (20), the solution of the equilibrium equation
(3) becomes
rr ¼ C5r þ 1: ð21Þ
Substituting the stresses in the governing differential equation (8)
one obtains
r1þa
dph
dr
þ raph ¼
C5
r
ð1 amÞ þ að1 mÞ þ C1ra: ð22Þ
The general solution is
ph ¼
1
ra
C5ð1 amÞ
ar
þ að1 mÞ
1 a
	 

þ C6
r
þ C1: ð23Þ
Finally using Eq. (7) the solution is completed as
u ¼ 1
ra
C5
a
þ ð1 mÞr
1 a
	 

þ C6  C2 cos h: ð24Þ
Remarks:
(1) For a ¼ 1; ph and u becomeph ¼
1
r
C5ð1 mÞ
r
þ C6 þ ð1 mÞ ln r
	 

þ C1; ð25Þ
u ¼ C5
r
þ C6 þ ð1 mÞð1þ ln rÞ  C2 cos h: ð26Þ(2) For a ¼ 0; ph and u becomeph ¼ pz ¼
1
r
ðC5 ln r þ C6Þ þ C1; ð27Þ
u ¼ C5ðm ln rÞ þ C6 þ ð1 mÞr  C2 cos h: ð28Þ2.3.2. Plastic region II
Here, the stresses satisfy rr > rzð¼ 0Þ > rh and, hence, Tresca’s
yield criterion takes the form
rr  rh ¼ 1: ð29Þ
The associated ﬂow rule becomes pr ¼ ph , and pz ¼ 0. With the
solution of Eq. (3), we determine
rr ¼ C7  ln r; ð30Þ
rh ¼ C7  1 ln r: ð31Þ
The stresses are placed into governing differential equation (8) to
give
r1þa
dph
dr
þ 2raph ¼ 2 a½1 ð1 mÞðC7  ln rÞ þ C1ra: ð32Þ
Solution of this equation is
ph ¼
að1 mÞ
ð2 aÞra C7  ln r þ
4 að3 aþ mÞ
að2 aÞð1 mÞ
	 

þ C8
r2
þ C1
2
: ð33Þ
Finally we determine u as
u ¼ ð1 mÞr
1a
ð2 aÞ2
½aþ 2ð2 aÞðC7  ln rÞ þ C8r 
C1r
2
 C2 cos h: ð34Þ
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ph ¼
C8
r2
þ C1
2
þ 1; ð35Þ
u ¼ ð1 mÞðC7  ln rÞr þ C8r 
C1r
2
 C2 cos h: ð36Þ2.4. Partially plastic solutions
2.4.1. Case 1
The bar consists of plastic region I in a < r < r1 and elastic re-
gion in r1 < r < 1 where r1 being interface radius between plastic
and elastic regions. The solution of this case requires the calcula-
tion of seven unknowns: C1–C6, and r1. The following conditions
are used for this purpose:
upIða;0Þ ¼ 0; ð37Þ
rpIr ðaÞ ¼ 0; ð38Þ
rpIr ðr1Þ ¼ rer ðr1Þ; ð39Þ
upIðr1; hÞ ¼ ueðr1; hÞ; ð40Þ
rehðr1Þ ¼ 1; ð41Þ
rerð1Þ ¼ 0 ð42Þ
and
Z r1
a
rpIh rdr þ
Z 1
r1
rehrdr ¼ M; ð43Þ
where the superscripts pI and e denote the plastic region I and elas-
tic region, respectively.
2.4.2. Case 2
The bar consists of elastic region in a < r < r2 and plastic region
II in r2 < r < 1 where r2 is the interface radius between these re-
gions. The unknowns: C1; C2; C3; C4; C7; C8, and r2 are to be
determined for the solution. The conditions used to this aim are
ueða;0Þ ¼ 0; ð44Þ
rerðaÞ ¼ 0; ð45Þ
rerðr2Þ ¼ rpIIr ðr2Þ; ð46Þ
ueðr2; hÞ ¼ upIIðr2; hÞ; ð47Þ
rerðr2Þ  rehðr2Þ ¼ 1; ð48Þ
rpIIr ð1Þ ¼ 0 ð49Þ
andZ r2
a
rehrdr þ
Z 1
r2
rpIIh rdr ¼ M; ð50Þ
in which superscript pII denotes the plastic region II.
2.4.3. Case 3
The bar consists of plastic region I in a < r < r1, elastic region in
r1 < r < r2 and plastic region II in r2 < r < 1. Unknowns to be
determined for the solution of this problem are C1–C8, r1, and r2.
The ﬁrst ﬁve conditions given by Eqs. (37)–(41) in Case 1, and
the four conditions given by (46)–(49) in Case 2 are still valid.
The force balance equation becomesZ r1
a
rpIh rdr þ
Z r2
r1
rehrdr þ
Z 1
r2
rIIh rdr ¼ M: ð51Þ3. The computational model
A state of plane stress and small deformations are assumed
here, too. The modulus of elasticity varies similar to analyticalmodel and dimensionless hardening parameter H ¼ gr0=E0 varies
according to HðrÞ ¼ H0rb. Replacing C1 by / and using the condition
uða;0Þ ¼ 0 Eq. (7) is rewritten in the form
u ¼ rh  /r  að0h  /Þ cos h; ð52Þ
with 0h being the circumferential strain at r ¼ a and h ¼ 0.
The numerical solution of the governing equation, Eq. (8), is not
possible unless explicit expressions for the plastic strains are
substituted. Total deformation theory is used for this purpose.
Accordingly the plastic strains are given by
pr ¼
EQ
ry
rr  12rh
 
; ð53Þ
ph ¼
EQ
ry
rh  12rr
 
; ð54Þ
pz ¼  pr þ ph
 
; ð55Þ
where ry is the yield stress, and EQ the equivalent plastic strain. On
the other hand, for plane stress, the von Mises’ criterion reads
ry ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2r  rrrh þ r2h
q
: ð56Þ
Using a Swift-type nonlinear hardening law, EQ is related to ry via
EQ ¼ ðrmy  1Þðrb=H0Þ; ð57Þ
where m being another hardening parameter. The stress function Y
is then deﬁned as Y ¼ rrr . From Eq. (3) we ﬁnd rh ¼ dY=dr. Express-
ing the stresses and plastic strains in terms of Y and dY=dr in the
general differential equation, Eq. (8), a second order highly nonlin-
ear boundary value problem of the form
d2Y
dr2
¼ F r;Y ;dY
dr
 
ð58Þ
is obtained. The boundary conditions that follow are
YðaÞ ¼ Yð1Þ ¼ 0: ð59Þ3.1. Numerical solution procedure
Let U1 ¼ Y and U2 ¼ dY=dr. The governing equation given by Eq.
(58) is transformed into the initial value problem:
dU1
dr
¼ U2; ð60Þ
dU2
dr
¼ Fðr;U1;U2Þ; ð61Þ
in a 6 r 6 1 subjected to
U1ðaÞ ¼ 0 and U2ðaÞ ¼ unknown: ð62Þ
The unknown initial condition U2ðaÞ can be computed iteratively
using Newton’s method by imposing the boundary condition
U1ð1Þ ¼ Yð1Þ ¼ 0. Let Xk1 and D denote, respectively, the value
of U2ðaÞ at iteration number k 1, and a small increment. Three
runs are performed in every iteration to generate the gradient in
Newton’s equation. At the kth iteration, following runs are
performed
1. starting with Xk1 to obtain f1 ¼ U1ð1Þ,
2. starting with Xk1 þ D to obtain f2 ¼ U1ð1Þ,
3. starting with Xk1  D to obtain f3 ¼ U1ð1Þ.
A better approximation for U2ðaÞ can now be obtained from
Xk ¼ Xk1  2Df1f2  f3 : ð63Þ
Fig. 3. Comparison of stresses and displacement in a perfectly plastic bar. Fig. 5. Comparison of stresses and displacement in an FGM bar.
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ror tolerance.
On the other hand, an outer iteration loop is performed to esti-
mate the unknown constant / (¼ C1 in Eq. (8)) in the governing
equation. An iteration scheme similar to that given above is con-
structed. At each main iteration, the problem is solved three timesFig. 4. Comparison of stresses and displacement in a nonlinearly hardening bar.using /k1; /k1 þ D and /k1  D respectively, and the corre-
sponding integrals
R
U2rdA are calculated. Aiming at
Gð/Þ ¼ R U2rdAþM ¼ 0, a better approximation /k is then ob-
tained from
/k ¼ /k1 
2DG /k1
 
G /k1 þ D
 
 G /k1  D
  : ð64Þ
Starting with a reasonable initial estimate /0, this iteration scheme
converges to the result with sufﬁcient accuracy only in few itera-
tions. Again, the convergence is monitored by a follow up of
j /k  /k1 j. The complete procedure is summarized below.
Solution procedure
 Choose the initial estimates /0; X0 the increments D/; DX , and
the tolerances /; X
 Initialize the iteration counter k ¼ 0,
 Loop : Set k ¼ kþ 1,Using /k1 iterate until j Xk  Xk1 j< X to determine
U2ðaÞ,
Solve the governing equation with the converged
U2ðaÞ,
Calculate Gð/k1Þ ¼ R U2ðrÞrdAþM.
Using /k1 þ D/ iterate until j Xk  Xk1 j< X to deter-
mine U2ðaÞ,
Solve the governing equation with the converged
U2ðaÞ,
Calculate Gð/k1 þ D/Þ ¼
R
U2ðrÞrdAþM.
Using /k1  D/ iterate until j Xk  Xk1 j< X to deter-
mine U2ðaÞ,
Solve the governing equation with the converged
U2ðaÞ,
Calculate Gð/k1  D/Þ ¼
R
U2ðrÞrdAþM.
Compute /k using Eq. (64),
If j /k  /k1 jP / then repeat,
else stop, the solution is / ¼ /k.
Fig. 6. Variation of elastic limit couple moment ME with the grading index a.
(a) (b)
Fig. 7. Analytical stresses and displacement under M ¼ 1:8484 10
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determine U2ðaÞ,
Solve the governing equation with U2ðaÞ,
Calculate the stresses and deformations.The advantages of this procedure are stability, rate of conver-
gence and availability of state-of-the-art ODE solvers (Hindmarsh,
1983) for accurate integrations.4. Veriﬁcation of the models
Before the comparisons are made, it should be noted that the
FGM models developed in the preceding sections simulate homo-
geneous material as a! 0, and b! 0. Furthermore, the computa-
tional model simulates ideally plastic material when m ¼ 1 and as
H ! 0. In the following calculations a bar of b=a ¼ 1:5 is considered
and the Poisson’s ratio is taken as m ¼ 0:3. The couple moment M
may change slightly among the cases to ensure that the homoge-
neous bar of b=a ¼ 1:5 consists of an inner plastic region in
a 6 r 6 r1, an elastic region in r1 6 r 6 r2, and an outer plastic re-
gion in r2 6 r 6 1.
In Eraslan and Arslan (2008a), the authors derived both plane
stress and plane strain analytical solutions to the elastic-plastic
bending of homogeneous bars. First, the results of the present ana-
lytical model are compared to those of plane stress solution of
Eraslan and Arslan (2008a). Calculations are performed using the
present analytical model under the load M ¼ 2:4 102. The grad-
ing index is set to a ¼ 105 to simulate a homogeneous bar. As a
result, the interface radii are calculated as r1 ¼ 1:1061, and(c)
2 for (a) a ¼ 0:5, (b) a ¼ aC ¼ 0:9943 and (c) a ¼ 1:5.
(a) (b) (c)
Fig. 8. Analytical stresses and displacement under M ¼ 2:3 102 for (a) a ¼ 0:5, (b) a ¼ aC ¼ 0:9943 and (c) a ¼ 1:5.
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tion at which rh ¼ 0, is determined as rNA ¼ 1:2424. The distribu-
tions of stress and displacement are plotted in Fig. 3 by solid
lines. The solution of Eraslan and Arslan (2008a) with a hardening
parameter as small as H ¼ 108 is used to obtain the results pre-
sented by dots in Fig. 3. As seen in this ﬁgure, both solutions are
in perfect agreement. In fact, all variables calculated including
the interface radii and the neutral axis agree in at least 6-signiﬁ-
cant digits.
The nonlinearly hardening analytical solution of the authors in
Arslan and Eraslan (2010) can be simulated by the present numer-
ical model using the model parameters a ¼ 0; b ¼ 0; m ¼ 2, and
H > 0. Taking H ¼ 0:25 and M ¼ 2:55 102, calculations are per-
formed and the results are plotted in Fig. 4 by solid lines. The dots
come from the analytical solution of Arslan and Eraslan (2010). As
seen in Fig. 4, a very good agreement in the stress and a satisfactory
agreement in the displacement calculations are obtained. The
small discrepancy between the displacement calculations is a nat-
ural consequence of using total deformation theory in the present
numerical model as opposed to incremental theory used in the
analytical models.
The FGM bar with the grading index a ¼ 1:5 yields at the outer
surface, r ¼ 1, when the couple moment reaches the elastic limit
ME ¼ 1:73424 102. The bar becomes partially plastic if the cou-
ple moment is further increased. The plastic region formed at r ¼ 1
propagates into the bar as the couple moment is increased.
When the couple moment reaches another critical value
M ¼ MI ¼ 1:97 102, the inner plastic region forms. For M > MI ,
the FGM bar consists of three regions like the homogeneous ones
studied above. Analytical and numerical calculations are carried
out for this FGM bar at M ¼ 2:3 102 > MI . In the numericalmodel the parameters: m ¼ 1; b ¼ 0 and H ¼ 5 103 are used.
Analytical model predicts r1 ¼ 1:0642, and r2 ¼ 1:4061 and
rNA ¼ 1:2529, while the numerical one predicts r1 ¼ 1:06, and
r2 ¼ 1:41 and rNA ¼ 1:25. The distributions of the response vari-
ables are plotted in Fig. 5 for comparison. Solid lines show the re-
sults of the numerical model while the dots show the analytical.
Perfect agreement is obtained for the stresses, and agreement in
radial displacement is good.
5. Results and discussion
Variation of elastic limit couple moment ME with the grading
index a using b=a ratio as a parameter is calculated and plotted
in Fig. 6. For each, the location of the maximum ME is called the
critical index and denoted by aC as seen in Fig. 6. It is to be noted
that the bar yields simultaneously at both surfaces when a ¼ aC .
Curved bars with an index a < aC yield at the inner surface,
r ¼ a, while the ones with a > aC yield at the outer surface, r ¼ 1.
It is apparent from Fig. 6 that the homogeneous bars corresponding
to a ¼ 0 always yield at the inner surface. It is also apparent from
Fig. 6 that the critical value of the grading index is aC  1 for the
bars analyzed.
The states of stress in FGM bars of b=a ¼ 1:5 under the same
load M ¼ 0:01848 are shown in Fig. 7(a)–(c). The bar in Fig. 7(a)
has the grading index a ¼ 0:5, the one in (b) has
a ¼ aC ¼ 0:9943, and the one in (c) has a ¼ 1:5. While the bar in
(b) is in the elastic state of stress at its limit, the other two are par-
tially plastic under the same load. The bar in Fig. 7(a) with the
grading index a ¼ 0:5 consists of an inner plastic region and an
adjacent elastic region. The bar in Fig. 7(c) consists of an elastic
region and an adjacent outer plastic region. Fig. 8 shows the stress
(a) (b)
Fig. 9. Numerical stresses and displacement under M ¼ 2:5 102 for a ¼ 0:5, m ¼ 4; H ¼ 0:25 and (a) b ¼ 1:5, (b) b ¼ 1:5.
Fig. 10. Variation and location of maximum von Mises stress by Eq. (56) with the
grading index b using a as a parameter.
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M ¼ 0:023. All bars are partially plastic and consist of three re-
gions: inner plastic, elastic and outer plastic. A rough calculation
reveals that 31% of the bars (b) and (c) are plastic while 29% of
(a) is plastic. Although among the three bars, the bar at (a) with
a ¼ 0:5 begins to plasticize earliest at the inner surface, the for-
mation of the other plastic region takes place latest.
Thereafter, calculations are performed using the numerical
model in order to visualize the effect of index b. The parameter val-
ues a ¼ 0:5, m ¼ 4, H ¼ 0:25 are used to compute the partially
plastic stresses and deformations in a bar for different values of
the index b. Fig. 9(a) and (b) show the results of these calculations
in a bar of b=a ¼ 1:5 under the couple moment M ¼ 2:5 102.
Fig. 9(a) corresponds to b ¼ 1:5 while (b) to b ¼ 1:5. As seen in
the ﬁgure, the spread of the plastic region is almost the same. How-
ever, maximum tensile stress in (a) is considerably greater than
that in (b). It is obvious from the ﬁgure that the index b affects
the maximum stress in the bar. To clarify this effect, a parametric
analysis is carried out. The stress so called the von Mises stress rvM
is calculated by using Eq. (56) in bars with different grading
parameters. The maximum values of the von Mises stress are plot-
ted against index b using a as a parameter in Fig. 10. Not only the
variation of the maximum von Mises stress with b, but also its
location in the bar can be seen in this ﬁgure. For values of a 6 0,
the maximum von Mises stress in the bar decreases notably with
increasing b. Furthermore, rvM;max is located on the inner surface
of the bar. However, rvM;max decreases ﬁrst, and then slightly in-
creases with increasing b, for the values of a > 0. Note that the de-
crease in rvM;max with b takes place when rvM;max appears on the
inner surface. Note also that Fig. 10 may help to choose appropriate
values of the grading indexes for speciﬁc needs.
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Classical theories of elasticity and plasticity are used to analyze
the stresses in graded curved bars subject to pure bending. Elastic
and partially plastic states of stress are considered. Modulus of
elasticity and the hardening parameter are allowed to vary within
the bar. It is observed that the stress response of the curved bar is
affected considerably by the variation of the modulus of elasticity
E. The plastic deformation may commence at the inner, at the outer
or simultaneously at both surfaces depending on how E varies
within the bar. The elastic limit couple moment ME increases if E
increases in the radial direction, and the largest value of ME corre-
sponds to the case when plasticization begins simultaneously at
both surfaces. In the partially plastic states of stress, the rate of
propagation of plastic zones in the bar is affected by variable E.
The variation of the hardening parameter H in the bar, on the other
hand, comes into effect only after the appearance of a plastic ﬁeld.
The location and the magnitude of the maximum stress in the bar
depends on the variation of H. If H is an increasing function of the
radial direction, the magnitude of the maximum stress tends to de-
crease and its location may slip from inner to outer surface. The
graded hardening parameter H implies partially variable yield limit
taking into effect as soon as yielding commences. It is to be noted
that, the inclusion of a totally variable yield limit in the computa-
tional model, however, might reveal more interesting results. This
may be considered as the subject of a new investigation. The re-
sults prove that, in a design point of view, the variation of a inho-
mogeneous constant and grading indexes may be adjusted for
speciﬁc applications according to desired circumstances.As a ﬁnal remark, it should be pointed out that the results of this
theoretical work may not exactly describe the deformation behav-
iour of graded curved bars since the suitability of classical theories
to advanced materials remains unanswered. However, they may
provide reasonable initial estimates for more comprehensive and
multidimensional numerical simulations.
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